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OPERATOR BIFLATNESS OF THE L1-ALGEBRAS OF
COMPACT QUANTUM GROUPS
MARTIJN CASPERS, HUN HEE LEE, AND E´RIC RICARD
Abstract. We prove that the L1-algebra of any non-Kac type compact quan-
tum group is not operator biflat. Since operator amenability implies operator
biflatness, this result shows that any co-amenable, non-Kac type compact quan-
tum group gives a counter example to the conjecture that L1(G) is operator
amenable if and only if G is amenable and co-amenable for any locally com-
pact quantum group G. The result also implies that the L1-algebra of a locally
compact quantum group is operator biprojective if and only if G is compact
and of Kac type.
1. Introduction
The convolution algebra L1(G) with respect to a locally compact group G is a
central object in abstract harmonic analysis. Homological/cohomological properties
of L1(G) reflect important features of the underlying group G. For example, L1(G)
is amenable as a Banach algebra if and only if G is an amenable group [7]. Recall
that a Banach algebraA is called amenable if every bounded derivationD : A → X∗
is inner for any A-bimodule X and a locally compact group G is called amenable
if there is a left invariant mean on L∞(G). Since the work of B.E. Johnson, it has
been conjectured that the dual object of L1(G), namely the Fourier algebra A(G),
would reflect the amenability of G in the same way. But Z.-J. Ruan showed that we
actually need to move to the category of operator spaces. More precisely, he showed
in [9] that A(G) is operator amenable (i.e. amenable in the category of completely
contractive Banach algebras) if and only if G is amenable if and only if L1(G) is
operator amenable with the natural operator space structure. The work of Ruan
has demonstrated that the category of operator spaces would be a natural place to
work in when we deal with the L1-algebra of a locally compact quantum group G.
It is a natural question whether the results of Johnson and Ruan could be ex-
tended to the case of locally compact quantum groups. The case of Kac algebras
has some satisfactory partial results. Let G be a compact Kac algebra. Then the
L1-algebra L1(G) is operator amenable if and only if Ĝ is amenable [10, Theorem
4.5]. Note that most of the results in [10, Theorem 4.5] have been extended to the
case of compact quantum groups by R. Tomatsu [13] except the operator amenabi-
lity of the L1-algebra. Actually, nothing is known beyond the above results except
the following easy implications ([9, Proposition 2.3] and [4, Theorem 3.2]), namely,
if L1(G) is operator amenable, then G is amenable and co-amenable.
Here, the amenability of G implies the existence of a left invariant mean on L∞(G)
and co-amenability of G implies the existence of a bounded approximate identity
in L1(G). Since the partial success of Ruan it has been conjectured by V. Runde
that the above implication is actually an equivalence, namely,
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Conjecture 1. L1(G) is operator amenable if and only if G is amenable and co-
amenable.
Operator amenability is closely related to homological properties, namely, op-
erator biprojectivity and operator biflatness. Recall that a completely contractive
Banach algebra A is called operator biprojective if there is a completely bounded
A-bimodule map ρ : A → A⊗̂A such that m ◦ ρ = idA, where ⊗̂ is the projective
tensor product of operator spaces and m : A⊗̂A → A is the algebra multiplica-
tion. A is called operator biflat if there is a completely bounded A-bimodule map
θ : (A⊗̂A)∗ → A∗ such that θ ◦m∗ = idA∗ . Clearly, operator biprojectivity implies
operator biflatness. In the case of L1(G) and A(G) for a locally compact group G
we have a good understanding of operator biprojectivity. Indeed, L1(G) is operator
biprojective if and only if G is compact and A(G) is operator biprojective if and
only if G is discrete, which makes a complete dual picture. Based on the group
situation O. Y. Aristov examined the quantum case. He proved that if L1(G) for
a locally compact quantum group G is operator biprojective, then G must be com-
pact [1, Theorem 4.7] and if G is a compact Kac algebra, then L1(G) is operator
biprojective [1, Theorem 4.12], which led to the following question of his.
Question 1. Is L1(G) operator biprojective for any compact quantum group G?
Note that the positive solution of the above question for the Kac algebra case
has already been proved by Z.-J. Ruan/G. Xu [11] and M. Daws [5] gave another
proof for that.
The situation of operator biflatness is more subtle. Here, we recall the well-known
fact [11, Theorem 2.4] that a completely contractive Banach algebra A is operator
amenable if and only if A is operator biflat and A has a bounded approximate
identity. Since L1(G) always has a bounded approximate identity we know that
L1(G) is operator biflat if and only if G is amenable. Meanwhile, A(G) is known
to be operator biflat when G is a quasi-[SIN] group [2, Theorem 2.4], which is a
strictly bigger class of groups than the class of amenable groups and the class of
discrete groups.
In this paper we would like to address a negative solution to Conjecture 1 and
a complete answer to Question 1 by investigating operator biflatness. Here is our
main theorem.
Theorem 1.1. Let G be a compact quantum group. If L1(G) is operator biflat,
then G is of Kac type.
This gives a complete characterization of operator amenability of L1-algebras of
compact quantum groups combined with the known results [4, Theorem 3.2] and
[10, Theorem 4.5].
Corollary 1.2. Let G be a compact quantum group. Then, L1(G) is operator
amenable if and only if G is co-amenable and of Kac type.
Since there are examples of co-amenable, compact quantum groups of non-Kac
type, which are automatically amenable, we can see that Conjecture 1 fails to
be true. The examples of such quantum groups include the q-deformations Gq,
0 < q < 1 of simple compact Lie groups G ([14, Lemma 4.10] and [3, Corollary 6.2])
and SUq(2), −1 < q 6= 0 < 1.
Theorem 1.1 also gives the following complete characterization of operator bipro-
jectivity of L1-algebras of locally compact quantum groups, which answers Question
1.
Corollary 1.3. Let G be a locally compact quantum group. Then, L1(G) is operator
biprojective if and only if G is compact and of Kac type.
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This paper is organized as follows. In section 2 we collect basic materials about
compact quantum groups, their L1-algebras and homological/cohomological prop-
erties of Banach algebras. The proof of Theorem 1.1 will be given in section 3.
We will assume that the reader is familiar with a basic operator space theory, for
which we refer to [8, 6].
2. Preliminaries
2.1. Compact quantum groups and their L1-algebras. We recall some pre-
liminaries on compact quantum groups, c.f. [15] and also [12]. A compact quantum
group G is given by (A,∆), a unital C∗-algebra A and a unital ∗-homomorphism
∆ : A→ A⊗minA which is co-associative (i.e. (∆⊗ id)∆ = (id⊗∆)∆) and satisfies
the cancellation law, namely, both of the spaces
∆(A)(A ⊗ 1) = span{∆(a)(b ⊗ 1) : a, b ∈ A} and ∆(A)(1 ⊗A)
are dense in A ⊗min A. We sometimes denote A by C(G) and ∆ is called the
co-multiplication of G.
For a compact quantum group G = (A,∆) there is a unique Haar state h on A
such that
(h⊗ id)∆(a) = h(a)1 = (id⊗ h)∆(a), a ∈ A.
The L1-algebra of compact quantum group can be defined as follows. The reduced
version C(G)red of C(G) is the C
∗-algebra ρ(C(G)) for the GNS representation ρ of
h. We define L∞(G), the L∞-space overG, to be the von Neumann algebraC(G)′′red.
Then the co-multiplication ∆ : C(G)→ C(G)⊗minC(G) can be naturally extended
to a unital normal ∗-isomorphism L∞(G)→ L∞(G)⊗¯L∞(G). By abuse of notation
we will still denote the extended co-multiplication by ∆. Thus, there is a completely
contractive pre-adjoint map ∆∗ : L
1(G)⊗̂L1(G)→ L1(G), where L1(G) = L∞(G)∗.
This gives us a completely contractive Banach algebra structure on L1(G), which
will be assumed as the underlying Banach algebra structure whenever we deal with
L1(G). We will use the following convolution notation.
f ∗ g := ∆∗(f ⊗ g) = (f ⊗ g)∆, f, g ∈ L1(G).
A compact quantum group G is called co-amenable if L1(G) has a bounded approx-
imate identity.
A finite dimensional corepresentation of G is a matrix u = (uij) ∈ Mn(A) such
that
∆(uij) =
n∑
k=1
uik ⊗ ukj , 1 ≤ i, j ≤ n.
We say that the corepresentation u is unitary if u is a unitary matrix and irreducible
if we have {X ∈ Mn : Xu = uX} = C1. The number n is called the dimension of
u.
Let {uα : α ∈ I} be a maximal family of finite dimensional irreducible unitary
corepresentations of G. For each α ∈ I we denote
nα = dim u
α.
It is well known that for each α ∈ I there is a unique positive invertible matrix
Qα ∈ Mnα with Tr Qα = Tr(Qα)−1 satisfying the Schur orthogonality relations,
namely for α, β ∈ I and 1 ≤ i, j ≤ nα, 1 ≤ k, l ≤ nβ we have
h((uαij)
∗u
β
kl) = δαβδjl
((Qα)−1)ki
TrQα
, h(uαij(u
β
kl)
∗) = δαβδik
(Qα)lj
TrQα
.
The matrix Qα gives us the quantum dimension mα of u
α given by
mα = TrQ
α = Tr (Qα)−1.
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Moreover, this Qα can be chosen to be diagonal ([5, Proposition 2.1]), so that we
set
Qα = diag(λα1 , · · · , λαnα).
In case all matrices Qα, α ∈ I are equal to the identity, we say G is of Kac type, or
a Kac algebra.
There is a more direct connection between uα and Qα as follows.
Proposition 2.1. For α ∈ I and 1 ≤ i ≤ nα the matrix Qα is the unique matrix
satisfying
(2.1) (uα)tQαuα = Qα
and Tr(Qα) = Tr((Qα)−1). Here, uα = ((uαij)
∗).
Proof. By [12, Proposition 3.2.17] we know that Qα is an intertwiner from uα to
((uα)t)−1, where (uα)t = (uαji). Thus, we have
Qαuα = ((uα)t)−1Qα ⇔ (uα)tQαuα = Qα.
The uniqueness also comes from [12, Proposition 3.2.17]. 
The above Qα matrices are closely related to the following family of Woronowicz
characters fz : Pol(G) → C. Here, Pol(G) is the Hopf ∗-algebra generated by
{uαij : α ∈ I, 1 ≤ i, j ≤ nα}. Actually, {uαij : α ∈ I, 1 ≤ i, j ≤ nα} is a linear basis
of Pol(G), and Pol(G) is equipped with the same co-multiplication ∆, the coinverse
κ : Pol(G)→ Pol(G) and the counit ε : Pol(G)→ C. The characters {fz}z∈C have
the following properties:
(1) fz ∗ fz′ = fz+z′ , z, z′ ∈ C, f0 = ε.
(2) fzκ(a) = f−z(a), fz(a
∗) = f−z(a), a ∈ Pol(G), z ∈ C, where κ is the usual
coinverse (or antipode) of G.
(3) κ2(a) = f−1 ∗ a ∗ f1, a ∈ Pol(G).
(4) h(ab) = h(bf1 ∗ a ∗ f1), a, b ∈ Pol(G).
Here, ∗ denotes the convolution defined by
ω ∗ θ = (ω ⊗ θ)∆, ω ∗ a = (ω ⊗ id)∆(a), a ∗ ω = (id⊗ ω)∆(a),
where ω, θ : Pol(G)→ C, a ∈ Pol(G).
Then, for a finite dimensional representation u = (uij) ∈Mn(A) we define
Qu := (id⊗ f1)u.
Note that we have Qu
α
= Qα (c.f. [15, (5.23)]).
The following is a slight modification of [3, Lemma 1.3].
Lemma 2.2. For finite dimensional representations u and v of G we have
(1) Qu⊕v = Qu ⊕Qv.
(2) Qu⊗v = Qu ⊗Qv.
Proof. (1) is clear and (2) is from the fact that f1 is a character. 
2.2. Homological/cohomological properties of Banach algebras. Let A be a
completely contractive Banach algebra, i.e. A is a Banach algebra with an operator
space structure, and the algebra multiplication map
m : A⊗̂A → A
extends to a complete contraction, where ⊗̂ is the projective tensor product of
operator spaces.
We say that an A-bimodule X , which is also an operator space, is an operator A-
bimodule if there is a completely bounded map A⊗̂X⊗̂A → X, a⊗x⊗ b 7→ a ·x · b.
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For any operator A-bimodule the (operator) dual space X∗ is also an operator
A-bimodule via the following module structure:
〈a · ϕ · b, x〉 := 〈ϕ, b · x · a〉, x ∈ X,ϕ ∈ X∗, a, b ∈ A.
For any two operator A-bimodules X and Y their projective tensor product X⊗̂Y
can be regarded as an operator A-bimodule via the following module structure:
a · (x⊗ y) · b := (a · x) ⊗ (y · b), x ∈ X, y ∈ Y, a, b ∈ A.
If we combine the above two concepts, then (X⊗̂Y )∗ becomes an operator A-
bimodule via the following module structure:
a · (x∗ ⊗ y∗) · b := (x∗ · b)⊗ (a · y∗), x∗ ∈ X∗, y∗ ∈ Y ∗, a, b ∈ A.
Note that the above module action looks a little bit twisted.
We say that A is operator biprojective if there is a completely bounded A-
bimodule map ρ : A → A⊗̂A such that m ◦ ρ = idA. We say that A is operator
biflat if there is a completely bounded A-bimodule map θ : (A⊗̂A)∗ → A∗ such
that θ ◦m∗ = idA∗ . In the above cases ρ and θ are called splitting homomorphisms.
Clearly, operator biprojectivity implies operator biflatness.
We say that A is operator amenable if every completely bounded derivation D :
A → X∗ is inner for any operator A-bimodule X , i.e. there exists a f ∈ X∗ such
that D(a) = a · f − f · a for each a ∈ A.
3. Proof of the main result
In [5] M. Daws made the following important observation while he was investi-
gating operator biprojectivity of L1(G). Recall that we made the assumption that
Qα is a diagonal matrix for every α ∈ I, which plays a role in the proof of M. Daws.
Proposition 3.1. The following are equivalent.
(1) L1(G) is operator biprojective with splitting homomorphism ρ : L1(G) →
L1(G)⊗̂L1(G).
(2) There is a normal completely bounded map θ : L∞(G)⊗¯L∞(G) → L∞(G)
such that
θ ◦∆ = id,(3.1)
∆ ◦ θ = (θ ⊗ id)(id⊗∆) = (id⊗ θ)(∆ ⊗ id).(3.2)
(3) There is a normal completely bounded map θ : L∞(G)⊗¯L∞(G) → L∞(G)
and a family {Xα ∈Mnα : α ∈ I} such that for α, β ∈ I, 1 ≤ i, j ≤ nα and
1 ≤ k, l ≤ nβ,
(3.3) θ(uαij ⊗ uβkl) = δαβXαjkuαil,
nα∑
r=1
Xαrr = 1.
If one of these conditions is satisfied, then the notation is consistent in the sense
that θ in (2) and (3) can be taken the same and one may take ρ∗ = θ.
Our starting point is that if we assume operator biflatness of L1(G), the corre-
sponding splitting homomorphism θ : L∞(G)⊗¯L∞(G) → L∞(G) still satisfies the
condition (3.3).
Proposition 3.2. Suppose that L1(G) is operator biflat with splitting homomor-
phism θ : L∞(G)⊗¯L∞(G)→ L∞(G). Then, θ satisfies (3.3).
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Proof. First, (3.1) is trivial from the definition of the splitting homomorphism.
Secondly, the condition (3.2) can be replaced by the L1(G)-bimodule property of θ.
Indeed, for x ∈ L∞(G) and ϕ, ψ ∈ L1(G) we have
〈∆ ◦ θ(x ⊗ uαij), ϕ⊗ ψ〉 = 〈θ(x⊗ uαij), ϕ ∗ ψ〉
= 〈ψ ∗ θ(x ⊗ uαij), ϕ〉
= 〈θ[ψ ∗ (x⊗ uαij)], ϕ〉
= 〈θ[x⊗ ψ ∗ uαij ], ϕ〉.
Moreover, for any φ ∈ L1(G) we have 〈ψ ∗ uαij , φ〉 = 〈uαij , φ ∗ ψ〉 = 〈∆uαij , φ⊗ ψ〉, so
that we have
ψ ∗ uαij = (id⊗ ψ)∆uαij =
nα∑
r=1
ψ(uαrj)u
α
ir.
Thus, we have
〈∆◦θ(x⊗uαij), ϕ⊗ψ〉 =
nα∑
r=1
ψ(uαrj)〈θ(x⊗uαir), ϕ〉 =
〈
nα∑
r=1
θ(x ⊗ uαir)⊗ uαrj, ϕ⊗ ψ
〉
.
Consequently, we get
∆ ◦ θ(x ⊗ uαij) =
nα∑
r=1
θ(x ⊗ uαir)⊗ uαrj.
Note that we do not need normality of θ, which is the main difference from the
case of [5, Lemma 3.1, Proposition 3.2]. From this point on we can repeat the same
argument of the proof of [5, Proposition 3.2] to get the conclusion we wanted. 
Now we present the proof of our main result. Here, we use some operator space
theory. Recall that Rn and Cn are the row and column Hilbert space on ℓ
2
n. For any
operator spaceE ⊂ B(H) for a Hilbert spaceH and an element∑ni=1 ei⊗xi ∈ ℓ2n⊗E
we have∥∥∥∥∥
n∑
i=1
ei ⊗ xi
∥∥∥∥∥
2
Rn⊗minE
=
∥∥∥∥∥
n∑
i=1
xix
∗
i
∥∥∥∥∥
B(H)
,
∥∥∥∥∥
n∑
i=1
ei ⊗ xi
∥∥∥∥∥
2
Cn⊗minE
=
∥∥∥∥∥
n∑
i=1
x∗i xi
∥∥∥∥∥
B(H)
,
where ⊗min is the injective tensor product of operator spaces. Moreover, we have a
completely isometric identification
Mn ∼= Cn ⊗min Rn, eij 7→ ei ⊗ ej.
By Proposition 3.2 we can assume θ satisfies the condition (3.3). Now we fix
α ∈ I. Then for 1 ≤ i, j, k, l ≤ nα we have
θ(uαij ⊗ uαkl) = Xαjkuαil.
From (2.1), [(uα)t]∗ = uα and the fact that Qα is diagonal we have (uα)tQα =
Qα(uα)t, so that we get∥∥∥(Qα)− 12 (uα)t(Qα) 12∥∥∥
Mnα (L
∞(G))
=
∥∥∥(Qα)− 12 (uα)tQα[(uα)t]∗(Qα)− 12 ∥∥∥ 12
Mnα (L
∞(G))
= ‖1‖Mnα (L∞(G)) = 1.
Moreover, we have
(Qα)−
1
2 (uα)t(Qα)
1
2 =
(
uαji
√
λαj
λαi
)
=
nα∑
i,j=1
eij ⊗ uαji
√
λαj
λαi
∈Mnα(L∞(G)).
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Since uα is unitary we also have∥∥∥(Qα)− 12 (uα)t(Qα) 12 ⊗ uα∥∥∥
Mnα (L
∞(G))⊗¯Mnα (L
∞(G))
=
∥∥∥∥∥∥
nα∑
i,j,k,l=1
eij ⊗ ekl ⊗ uαji
√
λαj
λαi
⊗ uαkl
∥∥∥∥∥∥
M
n2
α
(L∞(G)⊗¯L∞(G))
= 1.
Then, we have
(idMnα ⊗ idMnα ⊗ θ)
 nα∑
i,j,k,l=1
eij ⊗ ekl ⊗ uαji
√
λαj
λαi
⊗ uαkl

=
nα∑
i,j,k,l=1
eij ⊗ ekl ⊗Xαik
√
λαj
λαi
uαjl
= (τ23 ⊗ idL∞(G))
 nα∑
i,k=1
Xαik
1√
λαi
ei ⊗ ek
⊗
 nα∑
j,l=1
ej ⊗ el ⊗
√
λαj u
α
jl
 ,
where τ23 is the map flipping the second and the third tensor component in
Mnα ⊗min Mnα ∼= Cnα ⊗min Rnα ⊗min Cnα ⊗min Rnα .
Now we have
nα∑
i,k=1
Xαik√
λαi
ei ⊗ ek ∈ Cnα ⊗min Cnα ∼= Cn2α
and
nα∑
j,l=1
ej ⊗ el ⊗
√
λαj u
α
jl ∈ Rnα ⊗min Rnα ⊗min L∞(G) ∼= Rn2α ⊗min L∞(G)
with the corresponding norms  nα∑
i,k=1
|Xαik|2
λαi

1
2
and ∥∥∥∥∥∥
nα∑
j,l=1
λαj u
α
jl(u
α
jl)
∗
∥∥∥∥∥∥
1
2
L∞(G)
=
 nα∑
j=1
λαj

1
2
=
√
mα,
respectively. This gives us a lower bound of ‖θ‖cb by
‖θ‖cb ≥
 nα∑
i,k=1
|Xαik|2
λαi

1
2
√
mα ≥
(
nα∑
i=1
|Xαii|2
λαi
) 1
2 √
mα.
If we repeat the same estimate for
nα∑
i,j,k,l=1
eij ⊗ ekl ⊗ uαij ⊗ uαlk
√
λαl
λαk
, then we get
‖θ‖cb ≥
(
nα∑
i=1
|Xαii|2 λαi
) 1
2 √
mα.
Combining the above two we have
‖θ‖2cb ≥ mα
nα∑
i=1
|Xαii |2
(
λαi + (λ
α
i )
−1
2
)
≥ mα
nα∑
i=1
|Xαii |2 ≥
mα
nα
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from the Cauchy-Schwarz inequality and
nα∑
i=1
Xαii = 1, so that we have
mα ≤ ‖θ‖2cb nα.
We can improve this estimate by tensoring. For any d ∈ N we consider the ten-
sor power (uα)⊗d which will be decomposed into the direct sum ⊕Nk=1vk of finite
dimensional irreducible unitary corepresentations. By applying Lemma 2.2 we have
(mα)d = (TrQα)d = TrQ(u
α)⊗d =
N∑
k=1
TrQvk
≤ ‖θ‖2cb
N∑
k=1
dim vk = ‖θ‖2cb dim (uα)⊗d = ‖θ‖2cb (nα)d.
By taking the power 1
d
and letting d→∞ we get
mα ≤ nα,
which implies that G is of Kac type.
Acknowledgement: The authors wish to thank Volker Runde for giving us the
details about the problem and Adam Skalski for providing the reference [14].
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